Abstract. We prove that a Cousin-I open set D of an irreducible projective surface X is locally Stein at every boundary point which lies in Xreg. In particular, Cousin-I proper open sets of P 2 are Stein. We also study K-envelopes of holomorphy of K-complete spaces.
52
I. Bârzȃ and V. Vâjâitu Theorem 1. Let X be an irreducible projective surface and D ⊂ X a Cousin-I open set. Then D is locally Stein at every point x 0 ∈ ∂D ∩ X reg . In particular , Cousin-I proper open sets of P 2 are Stein.
In this circle of ideas we also prove (see § 4 for definitions): Proposition 1. Let X be a K-complete, connected , normal complex surface. If X is a Cousin-I space, then X coincides with its K-envelope of holomorphy.
It turns out that when dealing with these questions it is necessary to reconsider the notion of domain of holomorphy in complex spaces. This is done in §2.
2. Preliminaries. Throughout this paper complex spaces are not necessarily reduced. Curves, surfaces, etc. will be complex spaces of appropriate pure dimensions.
Before giving the notion of domain of holomorphy we employ, let us give an example of an irreducible Stein curve X and a non-empty open set D ⊂ X for which there are two non-empty open sets U 1 , U 2 such that U 2 is connected, U 1 ⊂ D ∩ U 2 = U 2 , and for every holomorphic function f on D there is a holomorphic function f 2 on U 2 such that f = f 2 on U 1 .
Let X be the node {(z, w) ∈ C 2 ; w 2 = z 2 + z 3 } and π : C → X the normalization map given by π(t) = (t 2 − 1, t(t 2 − 1)), t ∈ C.
Clearly, X is an irreducible Stein curve which is not locally irreducible at its (only) singular point x 0 = (0, 0), π −1 (x 0 ) = {−1, 1}, and π induces a biholomorphism between C \ {−1, 1} and X \ {x 0 }. We remark that if S and T are disjoint subsets of C such that S −1 and T 1, then π(S)∩π(T ) = {x 0 }. Now take S and T open and connected; let S and T be non-empty connected open subsets of C such that S ⊂ S,
(Notice that π(S) and π(T ) are the irreducible components of D.)
This shows that the ordinary definition of domain of holomorphy from the smooth case does not carry over ad litteram to complex spaces. The appropriate one is: Definition 1. Let X be a complex space of pure dimension n. An open set D in X is a domain of holomorphy if there do not exist non-empty open sets U 1 and U 2 of X and an irreducible component Y of X such that:
The key result to deal with this definition is the construction of irreducible principal Stein surfaces in Stein spaces.
Theorem 2. Let X be a Stein space of pure dimension n. Let Y ⊂ X be a locally analytic set which is Stein, irreducible and of dimension n. Let also Λ and Λ be two disjoint discrete subsets in X. Then there exists a holomorphic function f ∈ O(X) with the following properties:
(a) The set Z f := {f = 0} contains Λ and is disjoint from Λ . (b) The analytic set Y ∩ Z f is irreducible and f has multiplicity one on it.
The proof is similar to the one in [16] so we confine ourselves to indicating the necessary changes. For instance, on p. 202 the "almost-proper" holomorphic map π should now be considered from Y into C n . Also, there we did not have a condition concerning Λ . However, this can be easily satisfied as we reasoned using Baire's theorem and because f is of the form
. . , g m ) running over a G δ set. The simple observation that {g ∈ O(X) m ; ∃a ∈ Λ , F g (a) = 0} is open and dense in O(X) m concludes the proof of the theorem.
Proposition 2. Let X be a Stein space of pure dimension n. Let Ω be a Cousin-I open set in X. Then Ω is a domain of holomorphy provided that the following condition ( ) holds:
Proof. For an arbitrary complex space X, let
It is easily seen that there is a discrete set Λ = {x i } i∈I of points in X (possibly infinite) such that, for each d = 0, 1, . . . , every d-dimensional irreducible component of S d contains a point of Λ. Now, if f is a holomorphic function on X and f (x i ) = 0 for all i, then by [14] , for every x ∈ X, the germ f x is not a zero divisor in O X,x so that the multiplication morphism induced by f from O X into itself is injective. Now we come to the proof of the proposition. Assume, in order to reach a contradiction, that Ω is not a domain of holomorphy in X; let U 1 and U 2 be according to the definition. We can assume that U 2 is Stein. Let U 1 be the union of the irreducible components of U 2 ∩ Ω meeting U 1 . Using the normalization map we see that there is a boundary point a of Ω that is also a boundary point of U 1 . (This a might belong to the set Λ above.) Fix a point b ∈ U 1 \ Λ. By Theorem 2, there exists f ∈ O(X) with the following properties:
(1) The zero set Z of f contains the points a and b and for each x ∈ Λ \ {a}, f (x) = 0. (2) The analytic set U 2 ∩ Z is irreducible.
Let Z be endowed with the full fiber of f over 0 ∈ C and Ω := Ω ∩ Z. We claim that Ω is not a domain of holomorphy in Z. To show this, first observe that
for every x ∈ Ω, there exists H ∈ O(Ω) which extends h. But, in view of our assumption, there exists H 2 ∈ O(U 2 ) which agrees with H on U 1 . The claim follows and so the proof of the proposition is complete.
Remark. This corollary generalizes Cartan's well-known result for Cousin-I open sets in C 2 .
3. Proof of Theorem 1. The proof is divided into several steps and is completed in the last fifth step.
Step 1. Let X = (X, O X ) be a complex space. We say that X is cohomologically 1-convex if, and only if, for any coherent analytic sheaf F on X, the cohomology groups H j (X, F), j = 1, 2, . . . , are finite-dimensional complex vector spaces. For instance, a complex curve is cohomologically 1-convex if, and only if, it has finitely many one-dimensional compact irreducible components. For more details, see [12] .
Also, if Y = (Y, O Y ) is another complex space, then we say that Y is an infinitesimal extension of X if they have the same underlying topological space and X becomes a closed subspace of Y , that is, there is a coherent sheaf of ideals I ⊆ O Y with Supp(O Y /I) = X and O X O Y /I. From [17] we get: Lemma 1. Let X and Y be a complex spaces such that Y is an infinitesimal extension of X. Then X and Y are simultaneously cohomologically 1-convex.
Step 2. Let X be a projective space and L an ample line bundle over X.
is dense in O(X 0 ) with respect to the canonical topology of uniform convergence on compact subsets of X 0 .
Indeed, it is no loss of generality to assume that L is the restriction of O(1) to X for some holomorphic embedding X → P N and σ comes from a hyperplane section. Now, because X 0 is realized as a closed analytic subspace of C N = P N \ {σ = 0}, any holomorphic function on X 0 is the restriction of a holomorphic function on C N which can be approximated by polynomials. The proof of Step 1 concludes easily.
Step 3. Let X be a Cousin-I complex space and L a holomorphic line bundle over X. Assume that there is a section σ ∈ Γ (X, L) such that the multiplication by σ induces an injective
is surjective. We notice that the above injectivity results if X is irreducible and
Then mσ is the desired extension.)
Step 4. For a complex space X and a holomorphic function f on X, let Z f be the zero set of f , i.e. Z f = {x ∈ X ; f (x) = 0}. From [16] we recall the following result.
Lemma 2. Let X be an irreducible Stein space and D an irreducible open set in X which is Stein and Runge in X. Then, for any x 1 , x 2 ∈ D, there exists a holomorphic function f on X such that x 1 and x 2 are contained in the same irreducible component of Z f ∩ D.
Furthermore, if U 1 is an open neighborhood of x 1 , then there is a compact set K in D and ε > 0 such that, for any holomorphic function h on X with h(x 2 ) = 0 and max
there is an irreducible component Σ of Z h passing through x 2 such that Σ ∩ U 1 is non-empty and Σ ∩ D is irreducible.
Step 5. Now we conclude the proof of Theorem 1. Let X → P N be a holomorphic embedding such that there are finitely many global holomorphic sections σ j ∈ Γ (P N , O(1)) such that the singular part X sing of X is X ∩ {σ 1 = · · · = σ m = 0}.
Let σ be one of the sections σ 1 , . . . , σ m . We show that D 0 := D \ {σ = 0} is Stein (in the Stein smooth connected surface X 0 := X \ {σ = 0}).
Assume, in order to reach a contradiction, that D 0 is not Stein. Therefore, due to the positive solution of the Levi problem in Stein manifolds, there is a point a ∈ ∂D ∩ X 0 such that, for every Stein open neighborhood W of a in X 0 , W ∩ D is not Stein. Hence there are non-empty connected open sets U 1 and U 2 in W such that U 1 ⊂ D ∩ U 2 = U 2 , U 2 is Stein and Runge in X 0 , and for every holomorphic function F on W ∩ D, there is a holomorphic function F 2 on U 2 such that F = F 2 on U 1 . Clearly, we may assume that U 1 is a connected component of U 2 ∩ D.
From Steps 2 and 4 (and replacing L by a suitable tensor power of it, if necessary), there is a holomorphic section τ ∈ Γ (X, L), τ = 0, and an irreducible component Σ of the compact complex curve {τ = 0} such that Σ a, Σ ∩ U 2 is irreducible and Σ ∩ U 1 = ∅. This implies easily that the boundary of U 1 ∩Σ computed with respect to U 2 ∩Σ is non-empty. Therefore, there is a boundary point a of D in U 2 that is also an accumulation point of U 1 ∩ Σ.
Let X := {x ∈ X ; τ (x) = 0}. This is a compact curve and D := D ∩ X is cohomologically 1-convex. Let I be the ideal sheaf of X in X, L the restriction of L to X (which is again a holomorphic line bundle), L the sheaf of germs of its holomorphic sections (which is a coherent O X -module) and S the sheaf of germs of holomorphic sections of L that vanish on X . Now, because X is compact, there is a positive integer m such that I m S ⊆ σO X . This implies that S/σO X is O X /I m -coherent. Thus, by Step 1, the cohomology group H 1 (D , S/σO X ) has finite dimension.
To reach the desired contradiction, let {x ν } ν be a sequence of points in D converging to a . Since D is holomorphically convex, there is a holomorphic function f on D such that {f (x ν )} ν is unbounded in C. Let also θ ∈ Γ (X, L) with θ(a ) = 0 and let θ ∈ Γ (X , L ) be canonically induced by θ. On the other hand, the short exact sequence
induces a long exact cohomology sequence from which we retain the exact portion
But, as H 1 (D , S/σO X ) has finite dimension, there is a non-constant holomorphic polynomial P in one complex variable such that
and is unbounded near a , so that no holomorphic "extension" F 2 exists. The conclusion of the theorem follows. (The additional statement now follows easily thanks to the positive solution of the Levi problem in P k .)
4. Proof of Proposition 1. The material presented so far motivates the question of characterizing those K-complete complex spaces X that are Cousin-I spaces. Below we give a description of X in terms of certain envelopes of holomorphy; as a byproduct, this will give a proof of Proposition 1.
First we recall a few concepts. Let X be a complex space. We say that X is K-complete if, for any point x 0 of X, there exists a holomorphic mapping F : X → C m , m = m(x 0 ), such that x 0 is isolated in the fiber F −1 (F (x 0 )) and F is nowhere degenerate ( 1 ) in a neighborhood of x 0 .
Let X be K-complete. By a K-envelope of holomorphy of X we mean a pair (α, X) with the following two properties:
(i) X is a complex space and α : X → X is a nowhere degenerate holomorphic map such that the natural homomorphism α :
is a ring isomorphism ( β is induced by β), there is a nowhere degenerate holomorphic mapping h : Y → X which makes the following diagram commutative:
X It is proved in [11] that the K-envelope of holomorphy (α, X) exists and it is uniquely determined (up to analytic isomorphism) for X connected, normal and K-complete. Also, X is K-complete, normal and connected.
In order to introduce the second type of envelope recall that a branched Riemann domain over C n is a pair (X, π) where X is a reduced complex space and π : X → C n a nowhere degenerate holomorphic map. To such a branched Riemann domain (X, π) we associate the set D of all Riemann domains (Y, σ) over C n such that there exists a commutative diagram of holomorphic maps (unique up to analytic isomorphism), which we call the Thullen-Cartan envelope of (X, π).
The relation between X and X is clarified in [11] . Let X be a connected, normal, K-complete complex space. Let (α, X) be the K-envelope of holomorphy of X and let π : X → C n be the holomorphic extension of π : X → C n . Then X might be viewed as the complement in X of the degeneracy set of π.
Proposition 3 ([11]
). Let X be a K-complete, normal , connected complex space. Then X coincides with its K-envelope of holomorphy X if and only if , for any realization (X, π) of X as a Riemann domain over C n , (X, π) coincides with ( X, π).
Now we give:
Proposition 4. Let X be a connected , normal K-complete space. If X is a Cousin-I space and for each non-constant holomorphic function f on X, {f = 0} is Stein, then X coincides with its K-envelope of holomorphy.
Proof. It suffices to establish the following fact. Let Y be a K-complete holomorphic extension of X, that is, Y is connected, normal, K-complete, and there is a nowhere degenerate holomorphic map β :
is a ring isomorphism. Under the hypothesis of Proposition 4, we show that β is biholomorphic. We do this in two steps.
Step 1. We show that O(X) separates the points of X, so that β is injective; as X and Y are normal, β is also an open map, so that X may be regarded as an open subset of Y .
To check this step, let x = y be two points of X. Let f be a nonconstant holomorphic function on X. If f (x) = f (y), then we are done. If f (x) = f (y) =: c, then the hypothesis implies that the restriction map O(X) → O(Y ) is surjective, where Y = {f = c}. Since Y is Stein, the assertion follows.
Step 2. The map β is surjective. In order to prove this we shall apply the following proposition which results mutatis mutandis from [16] (see the proof of Theorem 2 there).
Proposition 5. Let Z be an irreducible K-complete complex space and Γ a discrete subset of Z. Then there exists a holomorphic function f on Z for which there is a (unique) irreducible component of {f = 0} containing Γ . Now, returning to the proof of Step 2, assume, in order to reach a contradiction, that there exists x 0 ∈ ∂X. Let f be a non-constant holomorphic function on X such that there is an irreducible component Σ of { f = 0} containing x 0 and intersecting X. Now the boundary of Σ ∩ X (computed in Σ) cannot be empty. (Otherwise, Σ ∩ X is closed and open in Σ, thus Σ ∩ X is a union of connected components of Σ, thus Σ ∩ X equals Σ because Σ is irreducible, a fortiori connected. This gives x 0 ∈ X, which is not the case.) On the other hand, one verifies easily that ∂ Σ (Σ ∩ X) ⊂ Σ ∩ ∂X. Thus there is a boundary point of X which is an accumulation point of Σ ∩ X, which means that there is a sequence of points {x ν } ν in X ∩ { f = 0} converging to a point of ∂X. Let g be a holomorphic function on X such that {g(x ν )} ν is unbounded. Considering its holomorphic extension g to X we arrive easily at a contradiction. This implies the surjectivity of β, whence
Step 2.
